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Abstract—The differential transformation technique (DTM) is
used in this study to resolve reaction diffusion equations, both
linear and non-linear. We have specified several instances to
show how the techniques work and how reliable they are. The
known forms of the series solutions allow us to get the
precise answers, and we may also obtain the approximate
solution by calculating it as a series with readily computable
terms. This approach may alleviate computing burdens and is
applicable to a wide range of linear and non-linear problems.
A comparison is made between the DTM results, the VIM
results, and the MATLAB solutions.
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1. INTRODUCTION

In recent years there has been much interest in of systems
reaction diffusion equations which occur in many applications
for example mathematical biology including models for multi-
spaces chemical reactions and predictor prey systems. The
reaction diffusion-equation and its variants have been the
subject of study in various branches of physical, chemical and
biological sciences. Besides its study in one dimension and
higher dimensions, this all depends on the nature of the
phenomenon under study as to what form of this equation
(whether linear or nonlinear version) needs to be used. While
a variety of simplified versions of nonlinear reaction-diffusion
equations are studied [7-10, 12] in the literature, a reaction-
diffusion equation with cubic nonlinearity has been found
recently in several interesting applications.

Reaction-diffusion equation with nonlocal boundary
conditions has been given considerable attention in recent
years, and various methods have been developed for the
treatment of these equations. The numerical solutions of the
problem can be found in many articles. Most of the
discussions in the current literatures are developed to the some
type nonlocal boundary conditions problem, and much less is
given to the problem with nonlocal Robin type boundary
conditions. The purpose of this article is to give a numerical
treatment to a class of reaction-diffusion equations with

nonlocal boundary conditions by differential transformation
method.

The differential transformation is a numerical method for
solving differential equations. The concept of differential
transform was introduced by Zhou (1986), who was the first
one to use differential transform method (DTM) in
engineering applications. He employed DTM in solution of
initial boundary value problems in electric circuit analysis. In
recent years, concept of DTM has broadened to the problems
involving partial differential equations and systems of
differential equations [1-5].

Ayaz [3-5] developed this method for PDEs and
obtained closed form series solutions for linear and non-linear
initial value problems. The differential transforms method an
analytical solution in the form of a polynomial. It is different
from the traditional high order Taylor series method, which
requires symbolic computation of the necessary derivatives of
the data functions. The Taylor series method is
computationally taken long time for large orders. The present
method reduces the size of computational domain and
applicable to many problems easily. A distinctive practical
feature of the differential transformation method DTM is
haring ability to solve linear or non-linear differential
equations.

Different  applications for the  differential
transformation in the differential equation were shown by
Hassan [1], where he was used the differential transformation
technique which is applied to solve Eigen value problems and
partial differential equations (P.D.E.) is proposed in this study.
They were first, using the one-dimensional differential
transformation to construct the Eigen values and the
normalized Eigen functions for the differential equation of the
second, and the fourth-order, and the second, using the two-
dimensional differential transformation to solve P.D.E. of the
first- and second-order with constant coefficients. In both
cases, a set of difference equations is derived and the results
were compared with the results obtained by other analytical
methods.

Kumar et al (2009) discussed about the exact and
numerical solutions of non-linear reaction diffusion equation
by using the Cole—Hopf transformation. In this work the main
focus is to get a constructive method for obtaining exact
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solutions of certain classes of non-linear equations arising in
mathematical biology. The method is based on the Cole—Hopf
transformation of non-linear partial differential equation. With
the help of this method, new exact solutions were obtained for
non-linear reaction-diffusion equations of various forms,
which are the generalizations of the Fisher and Burgers
equations. Finally the governing partial differential equations

are then solved using MATLAB. Again Kumar et al (2010)
worked on the solution of reaction—diffusion equations by
using homotopy perturbation method.

Application of He's homotopy perturbation method for solving
the Cauchy reaction diffusion problem have also discussed by
Yildirim (2009), where he presented the solution of Cauchy
reaction—diffusion problem by the homotopy perturbation
method.

Our work, in this paper, relies mainly on the most recently
methods, DTM. The DTM method, which accurately compute
the solutions in a series form or in an exact form, are of great
interest to applied sciences. The effectiveness and the
usefulness of method is demonstrated by finding exact
solutions to the below problems 1-3, that will be investigated.
However, the method has its own characteristics and
significance that will be examined.

II. MATHEMATICAL FORMULATION
In this paper, consider the following one-dimensional time

dependept, reaction-diffusion equation for this model-

"’_u—D +ru (x,t)EQCR? )]

0) = (9,0, %€ R @

(0t>—ffq = f,() teR G)
ax @

where u = u(x,t) is the concentration, r = r(x,t) is the
reaction parameter and D > 0 is the diffusion coefficient,
subject to the initial or boundary conditions

The equations (1) and (2) is called the characteristic Cauchy
reaction-diffusion equation in the domain R X R, while the
equations (1) and (3) is called the non-characteristic Cauchy
{RaR e LHSIo0h Apienchhdhe komiEBofbe * Fedblsmyt
Piskunov equations.

The DTM introduces a promising approach for many
applications in various domains of science. However, DTM
has some drawbacks. By using the DTM, we obtain a series
solution, or we can say a truncated series solution. This series
solution does not exhibit the real behaviours of the problem
but gives a good approximation to the true solution in a very
small region. While homotopy perturbation method can be
used successfully finding the solution of linear and non-linear
boundary value problems, and the system of differential
equations. It may be concluded that this technique is very
powerful and efficient in finding the analytical solutions for a
large class of integral and differential equations. This
technique provides more realistic series solutions as compared
with the Adomain decomposition and variational iteration
method and others techniques.

'

i
i

“" International Journal of Engineering Research and Science & Technology

ﬁ

ISSN 2319-5991 www.ijerst.com
Vol. 19, Issue 4, 2023

III. BASIC IDEA OF DIFFERENTIAL TRANSFORMATION METHOD

The basic definitions of the differential transformation are
introduced as follows:

(i) One-dimensional differential transformation:

The differential transformation of the kt derivative of a
function u(x) is defined as fol%%ws:

Uk) =+ =1 )

k
dx® “x=xo

u(x) is the original function while U (k) is the transformed
function.

As discussed by [1] and [23] the differential inverse
transformation of U (k) may defined as follows:

u(x)
=2 UMK

k=0
- x
In fact, from (4) and (5), we may obtain:

u(x)

—x)*l ] 6
X=X0
Equation (6) implies that the concept of differential
transformation is derived from the Taylor series expansion
at x = Xxo.

(ii) Two-dimensional differential transformation:
Similarly, consider a function of two variables (x,y)
analytic in the domain R and let (x, y) = (xq, yo) in this
domain. The function (x,y) is then represented by one power
series whose center is located at (xo, yo). Hence the
differential transformation of function (x, y) is having the
following form:
+h.

U k) = — [—_] ™

kit " dxkoyh T )
where u(x,y) is the original function and U(k,h) is the
transformed function.
The transformation is called T-function while the lower case
and upper case letters represent the original and transformed

functions respectively.
The differential inverse transform of (k, h) is defined as:

(x,y) = L X (k1) (x — x0)*(y
k=0 h=0
= ¥0)" )
and from equatlon (7) and (8) it may be concluded that,
1 [6k+hu(x)
u(e,y) =330 ===l (x —x0)*(y
k=0 h=0 kiRl Oxtoy" (xo0, y0)
- yo)" 9

When we apply equation (8) at (xg,yo) = (0, 0), then (8) can
be written as:

43


http://www.ijerst.com/

Int. J. Eng. Res. & Sci. & Tech. 2023 Esal

oy
=2 Z w7 UG ) xtyh (10)
k=0 h=0
ulny)
1 Odk+hu(x) ok
=2 ohlaea Yy (11)
k=0 h=0 kih! " Oxtoy" 0,0)

The fundamental mathematical operations performed by two-
dimensional differential transform method and that can be
readily obtained through Table 1.

Table 1: Some operations of the two dimensional
differential transformation.

Original finction Transformed function

ulx,y) = v(x,y) £ wlx, y) U(k, h) = V(k, h) + W(k,h)

ux,y) = a v(x, y) Uk, k) = a V(k, h) (a =Constant)

(e y) = a v;j ¥) Uk, k) = (k + 1)V (k +1,k)
o y) = 9 v(x,y) Uk, k) = (h+ 1)V, h + 1)
_ or+sv(x, y) _ (k+1)! (h+9)
u(x,y) = o U(k, h) —Tv(k+r,h +5)

k h
Ul h) =33V, h—s)W(k —1,5s)

r=0 s=0

u(x, y) = v(x, y)w(x, y)

Uk, h) = §(k —m,h —n)
_ {1 k=mandh =n
0 otherwise

u(x, y) = xmy

A(kﬂz)
k!'h!

u(x,y) = et UG h) =

a

— xm si h
u(x,y) = xm sin(ax + b) U(k,h):ﬁg(k—m)sin(l+b)

= ymea ah
u(x,y) = xmew U(k.h):h—'é(k—m)

The application of the differential transformation method

(DTM) will be discussed, for solving problems (1)-(3).
According to the (DTM) and the operations mathematics of
the method, consider equation (1) after taking the differential

transformation of both sides in the followin f form:
k+D(k+2)(k+

U(k,h) =
() (—) ZtPrh—s)U(k—rs)]

=0 5s=0

(12)
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and by applying the differential transformation to initial and
boundary conditions equation (2) and (3) are obtained as
follows:

(k,0) = G(k)

(0,h) = Fo(h) and U(1, h) = F1(h)

Problem 1: Consider the following the Kolmogorov-
Petro 9 y-Plskunov KPP) equation:

ol ((x t)EQCR
O_t sz

(15)

with initial and boundary conditions
u(x0)=e*+x=(x), x €R, (16)
u (0,t) = 1= fo(t) (17)
w(Lt)=et—1 =f1(t) ,t ER (18)

ox
According to the differential transformation method (DTM)
When taking the differential transformation of (14), can be
obtain, L

(k,h+1) =—[(k+ Dk +2)U(k +2,h) — U(k, )]

19)

The related initial conditions (15) should be also transformed
as follows

oo

>S(k0)=>1—-x+

1
— 2__x3+_x4+ )

2! 3! 4!
r=0
+(k-1h (20)
which gives
1, if k=0
0, if k=1
=L d @)
— ifk=2734,..
And the boundary condition (16) should be transformed as
follows:
1 ifk=h=0
(0,h) = (k,h) ={ J (22)

0, if otherwise
and

oo

(1, = (1—t+—t]2 I S S
20 31 4 5

r=0
+ (k,h) 23)
which gives
0, if k=0
(k,0) = {1 Dt ifk=1 (24)
For each w if h=2,34,..

k, h substituting equations (20), (21) and (23) into
equation (19) and by recursive method, all other of U(k, h)
are equal to zero, when substitute all values U(k, h) into (12)
and obtain the series for u(x, t). Then rearrange the solution,
and obtain tkgg: fgollowing closed form solution:

u(x,t) = 3 3 U(k, h) xkth

k=00, - xt3 4+  xtt— xt°
u(xt) =(1—xt+-7t* - — —
1 2 6 24 120
+_X2_lv3 +lv4—Lx5+"' ),

2 6 24 120
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(x,t) = xet + e 25)
From equations (24) the approximate solution of the given
problem (1) by using differential transformation method is
having the same results as that obtained by the homotopy-
perturbation method [12] and it clearly appears that the
approximate solution remains closed form to exact solution.

Figure 1 (a)

Figure 1 (b)

Figure 1(a) represents the HPM or DTM solution for the
problem (1) of equation (24) fromt =0tot =1andx =0 to
x = 1 while Figure 1(b) represents the by MATLAB solution
of problem (1) fromt =0tot =landx =0tox=1.

The accuracy of the DTM for the combined KPP
equation is controllable, and absolute errors are very small
with the present choice of t and x. These results also obtain by
MATLAB, and both the results are compare through the
figure 1(a) & (b) and there are no visible differences in the
two solutions.

Example2: Consider the following the reaction-diffusion
equati(%n:

0“u
%u — + 2tu
at 9x?

(26)
with initial and boundary conditions
u(x,0)= e =), x €R,

(x,t) EQcR ,

@7
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u(0,6) = e+t =f (1), wu(1,0) = ettt =
ox

fi(®) ,t € R (28)
According to the DTM, equation (25) may be written as:

k+Dk+2)(k+2,h)
k h

(k,h+1)= ( 129
A+l -3 38 rh—s—DUk—-rs)
r=0 s=0
From the initial cor}}cclition (26) can be written as
) l =
k0 =Ly frk=123,... (30)
And the boundary condition (27), can calculated from the
following Table 2.
Table2.

(0,h)=(,h), h=0,1,
(0,0) =U(1,0) =1,

02)=v12="-_,
(14)="_

2,3, ...

Uu,1)=U1,1) =1,

. 03)=U0a)="- (4=
27

(05 =v15 ="

24 40
U0,6)=UL6) =>4, U(02)=U(1,2) =12 .
720 5040

Using the values of table 1 into (28), and by recursive method,
we have

22)="°_ UB2) =L  U@42)=_
41 41 16
(5,2) = 180" U(6,2) = 2807 " ,
e3)=". UuG3=" Uu@43=_.
12 144
eH=>" UBa= f,
4
ves) =2 ues) =l u@s=_"...
80 80 32

Substituting all values (k,h) into (10) and obtain series
for (x,t) . Then rearrange the solution, and get the
following closed form solution:

o oo

u(x,y) = 3 3 Uk, h) xith = eb+t+) (31
k=0 h=0

From equations (30) the approximate solution of the given

problem (2) by using differential transformation method is the

same results as that obtained by the homotopy-perturbation

method and it clearly appears that the approximate solution

remains closed form to exact solution.
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Figure 2 (a)

Figure 2 (b)

Figure 2(a) represents the HPM solution for the problem (1) of

equation (30) fromt=0tot=1and x =0 to x = 1 while
the figure 2(b) represents the MATLAB solution of Problem
2)fromt=0tot=1landx=0tox =1

The accuracy of the DTM for the combined KPP
equation is controllable, and absolute errors are very small
with the present choice of t and x. These results also obtain by
MATLAB, and both the results are comparing through the
figures 2(a) and (b). There are no visible differences in the
two solutions.
Example3: Consider the following the reaction-diffusion:
=" (4x2 — 2t +2) (x,t) EQCR,

o ax?

(32)
with initial and boundary conditions
u(x,0) = er =(x), x € R,

(33)
u(0,0) = e =f,(0)

(34)
®(1L,)=0=f(t), t €R
ox (35)

According to the DTM, Taking the differential transformation
of (31),
(k+ 1)k +2)(k +2,h) ]
k h
+23 > (h—s—1)(k—r,5s)
r=0 s=0
k h

43S (r—2,h— ) (k —7,5) — 2U(k, )|

7=05=0

(k,h+1):h+—i}—|

From the initial condition (32) of the form we may have:
0 ifk=135,..

k0O ={"_ ifk=0,246,..

et

(37
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0 ifh=1,35,..
Om={' ifh=0246,...
Q!
and U(1,h) =0 forallh = 0. 39)
Using (36)-(38) into (35) by recursive method, we have the
following values in Table 3 when h > 1 we have,
(k,h) = 0,

(38)

Table 3 L L
@2=1 (2= U62="
(8,2) = 5 U(10,2) =m,
eo="" “H=,  U6dH=_
G4="" U104 =" b
o=y D= 1
26)=" @“6)="'_ U®66)=_
16 112 36
(8,6) = lm U(10,6) = 1723" )
28)="._ U4L8=_ U®8=_
24 4 144

8,8) = __ U(10,8) = g_,_
576 2

880
(2,10) = _ U(4,10) = 'L U(6,10) = '__
1120 2410 720

810 = —.(1010= —

Substituting all values (k, h) into (10) and obtain series
for (x,t) . Then rearrange the solution, and get the following
closed form solution:

ulx,y) =3 > U(k, h) xkt

k=0 h=0
(x,y) = ¢+ (40)
From equations (39) the approximate solution of the given
problem (3) by using differential transformation method is the
same results as that obtained by the homotopy-perturbation
method and it clearly appears that the approximate solution
remains closed form to exact solution.

Figure 3 (a)

Figure 3(a) represents the DTM solution for the problem (3)
of the equations (39), fromt =0tot=1landx =0tox =1
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while the figure 3(b) represents the MATLAB solution of the
problem (3), fromt =0tot =landx=0tox=1

Figure 3 (b)

The accuracy of the DTM for the combined KPP
equation is controllable, and absolute errors are very small
with the present choice of t and x. These results also obtain
by MATLAB, and both the results are comparing through the
figures 3(a) and (b). There are no visible differences in the
two solutions.

IV.CONCLUSIONS

Reaction—diffusion equations have special importance in
engineering and sciences and constitute a good model for
many systems in various fields. In this work, we studied
differential transformation method for solving reaction—
diffusion equations. This method is applied to solve three
boundary value problems. All problems, we obtained closed
form exact series solutions. The differential transformation
method is so powerful and efficient that they both give
approximations of higher accuracy and closed form solutions
if existing. It is observed that the method is an effective and
reliable tool for the solution of such problems.

Further the results of our example tell us the successfully
method can be alternative way for the solution of the linear
and non-linear higher-order initial and boundary value
problems. In fact, DTM is very efficient methods to find the
numerical and analytic solutions of differential-difference
equations, delay differential equations as well as integral
equations. The results show that DTM is a powerful
mathematical tool for solving linear and nonlinear partial
differential equations, and therefore, can be widely applied in
engineering problems. In work MATLAB is used to calculate
the series obtained from the DTM.
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